We study closed N = 2 strings on orbifolds of the form T 4 /Z 2 and C 2 /Z 2 . We compute the torus partition function and prove its modular invariance. We analyse the BRST cohomology of the theory, construct the vertex operators, and compute three and four point amplitudes of twisted and untwisted states. We introduce a background of D-branes, and compute twist states correlators.
Introduction
Closed N = 2 strings [1, 2] possess local N = 2 supersymmetry on the string worldsheet. Critical N = 2 strings have a four-dimensional target space [3] . The supersymmetric structure implies that the target space has a complex structure. Therefore it must be of signature (4, 0) or (2, 2) . In (4, 0) signature there are no propagating degrees of freedom in the N = 2 string spectrum. In (2, 2) signature there are only massless scalars in the spectrum, and the infinite tower of massive excitations of the string is absent.
Closed N = 2 strings have been divided to two T-dual families denoted by α and β [4] . β strings are the ones studied in [3] , where it was shown that they have self-dual (curvature) fourmanifolds as their target space. The α strings effective action has been constructed in [5] , where it was shown that the target space dynamics is that of self-dual (curvature) four-manifolds with torsion [6] . D-branes in the N = 2 strings have been analysed in [4, 7] . N = 2 strings have global N = 4 worldsheet supersymmetry. They have been shown to be equivalent to topological N = 4 strings in [8] . They have been suggested as describing the topological sector of six-dimensional little string theories with sixteen supercharges [9] .
Despite the simplicity of N = 2 strings, very little is known when the target space is curved. Curved backgrounds are of particular importance, when looking for open-closed string duality structure in the N = 2 strings. In this paper we will take one step in this direction, and study N = 2 strings on orbifolds of the form T 4 /Z 2 and C 2 /Z 2 . First, we will compute the torus partition function and prove its modular invariance. We will then analyse the BRST cohomology of the theory in different pictures. We will see that the different pictures are not isomorphic. We will find a massless scalar and global degrees of freedom in the untwisted sector, and one twisted state in the twisted sector. We will then construct the vertex operators, and compute three and four point amplitudes of twisted and untwisted states. We will then add a background of D-branes and compute twist states correlators in their background. Finally, we will discuss the results.
The paper is organized as follows. In section 2 we will consider the torus partition function. We will analyse in detail the moduli integration measure and compute the torus partition function. We will show that it is modular invariant. In section 3 we analyse the BRST cohomology and construct the vertex operators. In section 4 we compute three and four point amplitudes of twisted and untwisted states, and interpret the results. In section 5 we will consider closed strings in D-branes background, and compute twist states correlators.
Partition function
In this section we will compute in detail the torus partition function and show that it is modular invariant. We will start with a detailed discussion of the N = 2 moduli.
Moduli Integration Measure

The U(1) V × U(1) A Gauge Transformations
A Polyakov-type worldsheet description of the N = 2 string is given by the action of twodimensional (2, 2) supergravity. The fields are a graviton, two gravitini and a vector field, interacting with complex scalars X i , and Dirac spinor fermions
, with i = 1, 2. The gravitini can be set to zero by the supersymmetry transformations, and in the following we will consider vector field configurations where the worldsheet instanton number is zero (see e.g. [10] for instanton numbers different than zero). We will be working with Euclidean worldsheets. The two-dimensional supergravity action reads then
where a = 1, 2, A a is a real vector field, Γ a = σ a and
2)
is understood as a holomorphic (anti-holomorphic) index of the target space.
It was pointed out in [11] (in the Lorentzian case) that the two-dimensional supergravity action has both axial and vector gauge symmetries, and that they are both required in the gauge fixing procedure. Consider the vector and axial gauge symmetries, whose transformations are parameterized by the real parameters α V and α A ,
3) ǫ 12 = 1. Defining w = σ 1 + iσ 2 , with the same φ ′ for all fields.
Moduli on T 2 and Their Measure
The vector field A is a two-component field, which may be set to zero by the two gauge transformations. However, we must consider possible Killing vectors, i.e. gauge transformations which do not change A, and moduli which are variations of A orthogonal to the gauge transformations.
The Killing vectors are found by solving the equation
or equivalently
On a compact Riemann surface, the only solution for this equation is α = const., and for all closed topologies, there is one complex (or two real) Killing vectors. Therefore, there will be one insertion ofĉ (the U(1) ghost), and one insertion ofc in every amplitude. Since the Killing vectors are constant, these insertions do not affect the calculations.
The moduli are found by solving: 9) or similarly
These equations have no solution on S 2 , and therefore A,Ā can be set to zero on the 2-sphere.
On T 2 , A can be gauge transformed to a complex constant. This can be seen directly by expanding A, which is a doubly periodic function, in a sine and cosine series and constructing explicitly the gauge transformation function 1 . Alternatively, a solution to (2.11) is given by a holomorphic one form of T 2 is thus a (complex) constant. We will therefore have one complex modulus. The path integral on the torus worldsheet includes a sum over all configurations of the gauge fields, which are the constants after gauge fixing.
The fermions obey the equations of motion: 12) from which it follows that 14) with the same phase shifts for ψ ′ R as well. We denote the phase shifts by
It will later be useful to define u ≡ −θ + φτ , so that
The same holds for any field with a non-zero U(1) charge (including the superghosts). They can be written as a holomorphic (antiholomorphic) field multiplied by a Wilson line, with the holomorphic (antiholomorphic) field being doubly periodic only up to phase shifts
Note that any phase shift φ ′ as in (2.6) can be absorbed in φ by a redefinition of the gauge field.
1 A will be expanded in cos(a m,n w +ā m,nw ) and sin(a m,n w +ā m,nw ) where a m,n ≡ i 2τ2 (mτ + n).
The partition function on the torus is defined by tracing over all oscillators on the unit circle (the α-cycle) shifted by 2πτ , with the non-trivial periodicities (2.16) . That along the α-cycle (parametrized by the phase shift 2πφ) affects the conformal weight of these operators. One has to insert the operator e −2πiθ(J 0 +J 0 ) into the trace in order to impose the boundary condition in (2.16) along the β-cycle.
Another approach is to add 1 2π
(uJ 0 +ūJ 0 ) to the action. These two approaches are equivalent, as is implied by the equality (to be confirmed later)
Finally we should compute the integration measure. Tracing over φ and θ replaces the tracing over the gauge field. There is one complex modulus u for the gauge field A. We get
The integration measures can now be calculated from the ghost and antighost insertions
Note that the torus amplitude contains two U(1) anti-ghost insertions for the one complex modulus. The total integration measure for all moduli reads
Oscillators 2.2.1 Bosons
Working with the complex coordinates z,z with z = e −iw , we may Laurent expand the complex scalars:
where 0 ≤ φ 0 < 1 gives a twist. For a Z N twist, φ 0 = k/N, k = 0, 1, · · · , N −1. Similar expansions inz hold for∂X i and∂X i , but with φ 0 → −φ 0 (this is due to the fact that as w → w + 2π,
The commutation relations read
and the Virasoro generators take the form
The ground state |0 X is defined by
Note that for φ 0 = 0, there is a set of states |0; p X defined by their (complex) eigenvalues under α i 0 (which are the complex conjugates of the eigenvalues underᾱ i 0 ). We denote these eigenvalues by
R for the holomorphic and anti-holomorphic oscillators, respectively. For every complex scalar, a can be evaluated in the w coordinates using a zeta function regularization:
For the computation of the N = 2 string partition function we consider two complex scalars, and each is expanded in both holomorphic modes and anti-holomorphic modes. For the Z 2 orbifold, the projection operator is given by P = (1 + r)/2 where r is the Z 2 reflection. In the untwisted sector φ 0 = 0, and one finds that in the compact case
Where p ≡ (p L , p R ) and Γ is an 8-dimensional lattice which is self-dual and even under the
(this is needed for modular invariance, as will be explained below).
In the non-compact case C 2 /Z 2 , p ≡ p L = p R and the sum is replaced by an integral over p.
For each twisted sector (φ 0 = 1/2), one gets
In a compact case there are 2 4 fixed points, and therefore 2 4 twisted sectors. In the non-compact case there is only one twisted sector.
Fermions
Each holomorphic complex fermion can be Laurent expanded as follows
whereφ ≡ φ + φ 0 . φ is equivalent to φ + 1 and we may therefore assume −1/2 ≤ φ < 1/2. A similar expansion inz holds for ψ We will calculate the value of a in the w coordinate separately for two cases:
Then for every holomorphic complex fermion:
< 2. Then for every holomorphic complex fermion:
For the computation of the N = 2 string partition function, we take two holomorphic complex fermions and two antiholomorphic complex fermions. In the untwisted sector (φ 0 = 0), one may use the case (i), which is consistent with −1/2 ≤ φ < 1/2. One gets
(2.37) account, but the result is the same.
In the twisted sector (φ 0 = 1/2), the case (i) is applicable for −1/2 ≤ φ < 0, while the case (ii) for 0 ≤ φ < 1/2. One can see that for −1/2 ≤ φ < 0,
(2.38)
(2.39)
Thus we get the same result as in (2.38).
Note that if φ = 0, the different U(1)-charges of the fermionic zero-modes must be taken into account, but the result is the same.
Ghosts
The N = 2 fermionic ghosts consist of two sets of holomorphic and antiholomorphic ghosts. One is the usual conformal ghost -anti-ghost pair denoted as (b, c) with λ = 2. The other set is the ghost and anti-ghost pair (b,ĉ), which is associated with the U(1) gauge symmetry and has λ = 1. The corresponding antiholomorphic sets are denoted (b,c) and (b,c). There are also two holomorphic sets of superghosts, related to the two generators of supersymmetry G ± ;
They are denoted (β ± , γ ∓ ) (the sign indicates the U(1)-charge), and both have λ = 3/2. The corresponding antiholomorphic sets are denoted (β ± ,γ ∓ ).
We shall discuss the holomorphic (anti-)ghosts and (anti-)superghosts. A similar discussion applies to the antiholomorphic ones, but with φ → −φ (as in fermions). A general holomorphic ghost (or superghost) system (B, C) with h(B) = λ, h(C) = 1−λ, obeying BC = −ǫCB, ǫ = ±1, has the following stress tensor:
The mode expansions for (B, C) take the form
for the (anti-)ghosts (ǫ = 1), and:
for the (anti-)superghosts (ǫ = −1), where the sign in front of φ is according to their U(1)-charge.
The anti-commutation (for ǫ = 1) or commutation (for ǫ = −1) relations are given by
The Virasoro generators take the form
Here a is a zero point energy which depends on the definition of the ground state, namely a prescription of the operator ordering : :. The ground state |0 gh is defined as
The partition function does not include a sum over the fermionic ghosts zero-modes, because of the ghost and anti-ghost insertions in the torus amplitude (as in (2.20) for the U(1) ghosts insertions).
The constant a in the w coordinate reads:
(1) For each set of holomorphic fermionic ghost and anti-ghost ǫ = +1 :
(2) For each set of holomorphic superghost and anti-superghost ǫ = −1 :
All the (anti-)ghosts and (anti-)superghosts are singlets under the orbifold group, so one obtains:
.
(2.49)
Dependence on the U(1) Charge
It is easy to see that in all the parts of the partition function calculated above, the φ dependence enters into L 0 ,L 0 through the form J 0 · φ and −J 0 · φ. Instead of tracing over oscillators with different φ's (and different conformal weights), we may sum only over oscillators with φ = 0, but add q J 0 ·φq−J 0 ·φ = e 2πi(J 0 τ φ+J 0τ φ) to the trace, and integrate over φ. Thus the full dependence
. This confirms (2.17).
Modular Invariance
Collecting all the results together, one obtains
where Z(τ,τ ) is the partition function of the un-orbifolded N = 2 string,
in the non-compact case, and
in the compact case.
In the non-compact case:
(2.53) In the compact case I should be multiplied by an overall factor of 2 4 .
Z(τ,τ ) is known to be modular-invariant after integration by dτ dτ , both for the non-compact case and for the compact case (for the latter this can be shown by Poisson resummation, using the fact that Γ is a self-dual even lattice).
We will now show that I is modular invariant after integration by dτ dτ dθdφ.
Under τ → τ + 1, The second and the third terms interchange while the first term remains invariant. This can be shown by taking θ → θ − φ − 1/2 and using
Thus Z orbifold is invariant under τ → τ + 1.
Also, one can see that under τ → −1/τ the first and second terms interchange while the third term remains invariant, by taking θ → φ and φ → −θ and using (2.54) and
Thus Z orbifold is invariant under τ → −1/τ .
Spectrum of the N = 2 Orbifold
In this section we study the spectrum of the N = 2 string on the Z 2 orbifold. We will perform a BRST analysis in different pictures, and find the spectrum consists of a massless scalar and global degrees of freedom in the untwisted sector, and a single twisted state in the twisted sector. We will then construct the corresponding vertex operators. For an earlier work on BRST analysis in N = 2 string orbifolds, see [12, 13] .
Different Pictures
As in the N = 1 fermionic string, pictures play an important role in the N = 2 string. A picture is defined by the superghost sector ground state [14] . Three pictures will be mostly relevant to us.
• NS boundary conditions (φ = 0): the ground states in the (−1, −1), and (0, 0) pictures are defined by
• R boundary conditions (φ = −1/2): the ground state in the (−1/2, −1/2) picture is defined by
Every state in the (−1, −1) picture has a physically equivalent state in the (0, 0) picture, which is related to it by the picture changing operator. Its matter part is [3, 5] , where G ± are the two spin 3 2 generators of the N = 2 superconformal algebra. However, the converse is not true: not every state in the (0, 0) picture has a physically equivalent state in the (−1, −1) picture.
BRST Analysis: Untwisted Sector
We will consider only the massless states, since there are no massive states in the spectrum. The spectrum of the untwisted sector is found by taking Z 2 invariant combinations of states of the unorbifolded theory. We begin by finding the spectrum of the latter. We will work in the holomorphic side. The zero point energy in the (−1, −1), and (−1/2, −1/2) pictures is zero. Thus, the massless states in these pictures are at level zero.
Acting with the BRST charge Q BRST of the N = 2 strings (see [15] and the appendix B) on a level zero state |ϕ , produces a state which includes only ghosts zero modes c 0 ,ĉ 0 , and in addition γ ± 0 in the (−1/2, −1/2) picture. Also, every physical state is annihilated by the anti ghosts zero modes b 0 ,b 0 , and in addition β ± 0 in the (−1/2, −1/2) picture. Therefore, for |ϕ to be BRST invariant it is sufficient to require
with the last equation being relevant only for the (−1/2, −1/2) picture. In order for |ϕ not to be BRST exact, it should not include ghost zero modes c 0 ,ĉ 0 and γ ± 0 . Solving these conditions we get for the BRST cohomology:
• (−1, −1) picture: the state |0, k (−1,−1) with k 2 = 0 is annihilated by L 0 and J 0 . This is a massless scalar field [3] .
• (−1/2, −1/2) picture: define the ground state byψ
with k 2 = 0 is in the BRST cohomology. We will see later that this state is equivalent to the state |0, k (−1,−1) .
• (0, 0) picture: here
Therefore the massless states are at level one in this picture. γ ± 1/2 are now creation operators, and we can write any charge zero level one state O|0, k (0,0) as
where O n,m has charge m − n, conformal dimension 1 + 1 2
(n + m), and does not include γ ± 1/2 oscillators. As we will show, we find the following physical states:
, plus terms with ghosts oscillators. This is the massless scalar in the (0, 0) picture.
2 Combined with their anti holomorphic parts, these are global dilaton, B-field and metric degrees of freedom.
Let us see that. First, note that for any physical state of the form (3.7), when it is inserted in a scattering amplitude or an inner product, only O 0,0 contributes. This is since the γ ± 1/2 oscillators annihilate the other parts of the scattering amplitude or inner product. For instance, the inner product of γ
where dots refer to terms with ghost oscillators. A ± and B ± are operators of charge ±1 and conformal dimension 1/2, and independent of ghost oscillators. C is a number. O ±1 is a short notation for O 0,1 and O 1,0 . The matter part of G
is a level one state with charge zero, and no ghost oscillators. Therefore it is of the form
For k = 0, any solution of (3.9) is a linear combination of state (1) and the null states
, which is the matter part of Q BRST b −1 |0, k (0,0) , and
, which is the matter part of Q BRSTb−1 |0, k (0,0) . For k = 0, the solutions of (3.9) are linear combinations of (2) and the null state J M −1 |0, 0 (0,0) .
The untwisted sector of the theory on the orbifold consists of Z 2 -invariant combinations of states (1) and (2) . Therefore the massless scalars appear in combinations of the form (|0, k + |0, −k ).
BRST Analysis: Twisted Sector
The boundary conditions for the matter fields imply that ∂X • (−1, −1) picture: the normal ordering constant of L 0 is +1/2, and condition (3.4) cannot be satisfied.
• (−1/2, −1/2) picture: L 0 has zero normal ordering constant. The ground state is annihilated by J 0 and G ± 0 and is the only physical state.
• (0, 0) pictures: the normal ordering constants of L 0 and J 0 are −1/2 and −1, respectively. Therefore the matter part of any physical state takes the form 11) where the twisted sector ground state |σ (0,0) is annihilated byψ i 0 , i = 1, 2. Following the steps leading to (3.9), we get
where A ± , B ± have conformal dimension zero and charge two (for the plus sign), and zero (for the minus sign). Therefor C ij is proportional to ǫ ij and D ij is proportional to η ij , and we get two physical states, whose matter parts read We will later see that these state are physically equivalent to the twisted ground state in the (−1/2, −1/2) picture, and there is only one twisted state.
Vertex Operators
Denote by σ i and s i , i = 1, 2 , the bosonic and fermionic twist fields for the Z 2 orbifold [17] .
Their OPEs (omitting index i) read
where τ , τ ′ and t, t ′ are excited bosonic and fermionic twist fields, respectively. Bosonizing the fermionic fields
We obtain s i = e −iH i /2 . Consider next the construction of the vertex operators.
untwisted sector
The ghost part of the vertex operator corresponding to a state in the (n, m) picture is
where β ∓ γ ± = ∂φ ± .
• (−1, −1) picture: the vertex operator corresponding to the scalar takes the form
• (−1/2, −1/2) picture: the vertex operator corresponding to the scalar (3.5) takes the form
• (−1, 0) picture: The matter part of the scalar state in this picture is G M + −1/2 |0, k (−1,0) and the corresponding vertex operator takes the form
• (0, 0) picture: apart from the one corresponding to the massless scalar, we found additional states in the (0, 0) picture compared to the (−1, −1) picture. These are global degrees of freedom of the form
′ , G and G ′ are number matrices.
Twisted sector
• (−1/2, −1/2) picture: the twisted state is represented by the vertex operator
• (−1, 0) picture: the twisted state (3.14) is represented by the vertex operator
• (0, −1) picture: the twisted state (3.14) is represented by the vertex operator
Spectral Flow
Spectral flows [18] are automorphisms of the N = 2 SCA. They are characterized by a single parameter η and map the N = 2 generators as
A spectral flow operator which implements these transformations takes the form
Note that the U(1) current takes the form
and U η = e −ηΦ .
U η maps a state in the (n, m)-picture (3.17) to one in the (n + η, m − η)-picture. and η can be regarded as a Wilson line, turned on around the state. In particular, the spectral flows can map a state in the (−1/2, −1/2) picture to a state in the (−1, 0) and (0, −1) pictures, but not to a state in the (−1, −1). For example, the state (3.22) gets mapped to (3.23) and (3.24) by the spectral flow with η = ±1/2, and the state (3.19) to (3.20) by the spectral flow with η = −1/2.
Summary
The untwisted sector consists of Z 2 invariant combinations of the states in the unorbifolded theory. These are a massless scalar, and global degrees of freedom which describe the dilaton, metric and two-form field. The twisted sector consists of one twisted state, described, for instance, by the twisted ground state in the (−1/2, −1/2) picture.
Scattering Amplitudes on C
In this section we will compute scattering amplitudes of untwisted and twisted states C 2 /Z 2 and T 4 /Z 2 backgrounds. We work with α ′ = 2 in this section.
Four Twisted States Amplitude
A twisted state is located in target space at a fixed point of the orbifold group. For the T 4 /Z 2 orbifold with radius R, they are at πRǫ, where ǫ is a four-dimensional vector (in real coordinates) such that ǫ µ ∈ {0, 1}. For twisted states located at the fixed points 2πf
Rǫ i ) the four twisted states scattering amplitude is
where
is a twist field for X j , located at 2πf ǫ i .
The matter part of the integrand in (4.1) is
Z can be recast as Z = Z 1 Z 2 , where Z i denotes a four-point function of twist fields on T 2 /Z 2 (or C/Z 2 ).
T 4 /Z 2 orbifold
Define T 4 as R 4 /2πΛ with 2πΛ being a four-dimensional lattice. When all the radii of T 4 are equal to R, Λ = {(m 1 R, m 2 R, m 3 R, m 4 R)|m i ∈ Z}. For every fixed point 2πf ǫ , 2f ǫ is an element of Λ. Global monodromy conditions (changes of X along closed loops) imply that (4.1) is non-zero only if f ǫ i belongs to Λ as well [17] .
On T 4 /Z 2 one gets [17]
, and F (x) is the hypergeometric function
Note that
, V Λ i stands for a projection onto the ith dimension.
The holomorphic ghost part of the four point function reads
with a similar expression for the anti-holomorphic part. The total four point function is
where v 1,2 are two complex dimensional vectors.
Using (4.7), one finds that
With this, crossing symmetry is manifest: Note that the transformations τ → −1/τ and τ → τ +1 amount to x → 1−x and x → x/(x−1), respectively. The expression (4.10) is manifestly invariant under these. It can be also shown that A tttt is finite, see appendix A for details.
Let us discuss now the result (4.9). The sum over v 1 corresponds to a sum over global monodromy conditions for a contour surrounding 0 and x. In the s-channel (x ∼ 0), it represents a sum over [17] . Then (4.9) takes the form
where w(x) ≡ e iπτ (x) and Λ * is the dual lattice of Λ. For instance, when all the T 4 radii are equal,
Note that the e −2πi(fǫ 2 −fǫ 3 )·p phase is always ±1. In every term of the sum (4.11), p represents the momentum of the intermediate untwisted state in the s-channel and v/R is its winding number. Thus, the left and right momenta are p L,R = p ± v/2. We shall now see which poles in p L,R exist in the amplitude.
In the limit x → 0,
In particular w(x) ∼ x/16 as x → 0. Every term of the sum in the integrand of (4.11) can be expanded around x = 0 in powers of x andx, so that the contribution of a small disk of radius a, D(a), around x = 0 is, up to the e −2πi(fǫ 2 −fǫ 3 )·p phase
A nĀk δ n−k+p·v = 2π
A n ,Ā k are constants which depend only on (p + v/2) 2 and (p − v/2) 2 , respectively. In the second line of (4.13) we changed variables to polar coordinates, and the δ-Kronecker arises from integrating over the angular coordinate. Equation (4.13) is a sum over poles of the form (p + v/2) 2 + 2n (or (p − v/2) 2 + 2k). If for every n > 0 A n is proportional to (p + v/2) 2 + 2n, which also means that for every k > 0Ā k is proportional to (p − v/2) 2 + 2k, then the residues of the poles with n = 0 or k = 0 vanish. In order to see that this is indeed the case, it is sufficient to check that (4.13) has no such poles in the case v = 0. We checked this explicitly for 0 < n ≤ 20 4 .
If (4.13) has poles only at n = k = 0, then these poles are at (p + v/2)
Equivalently, the poles are at p
where f has no poles in p
R . This suggests that in the effective field theory description only poles of intermediate physical states contribute to the scattering amplitude. However, because f = 0 and since only a part of the region of integration in (4.11) was considered, there may be an additional contact term contribution to the amplitude.
In the non-compact case the global monodromy conditions are trivial, and there is only one fixed point at the origin. We have 15) up to a normalization constant of (2π) −2 which is justified below. The total four point function reads 16) which is identical to (4.9) for trivial lattices Λ c , Λ c ′ .
In the limit x → 0, F (x) → 1 and
). Therefore the leading singularity of the integrand around x = 0 is . The integral converges in this area, since dxdx/(|x| ln |x|) 2 ∼ dr/r ln 2 r = d(−1/ ln r), where r ≡ |x|. Using crossing symmetry for exploring the other non-trivial limits of this integrand, we see that (4.16) totally converges. 4 For example, for n = 1, 2 we get A 1 = 2
= dp a dp b e
we get 
Twisted-Twisted-Untwisted States Amplitude
The scattering amplitude of two twisted states and one untwisted state, A utt , can be derived using the factorization property of A tttt . In fact, as seen in the previous section, the residue of the pole in (4.14) is equal to A 2 utt . Hence
Equation (4.19) can also be obtained using the state-operator correspondence. When the twisted states are located on the same fixed point, we have
Here p · X means p iX i +p i X i . Note that there is no momentum conservation, since there is no target-space translation invariance. This is seen in (4.20) by the absence of the center-of-mass mode x µ , which would give a delta function in p in the unorbifolded string.
The discussion generalizes to a non-compact target space C 2 , by the use of the representation (4.18). We conclude that on-shell, the 3-point function of two twisted states and one untwisted state is independent of momentum, winding number, or the twisted states location, and is equal to one.
Two Twisted and Two Untwisted States Amplitude
We will consider the two twisted -two untwisted states amplitude when the two twisted states are located at the same fixed point. We will first calculate the two untwisted vertex operators Green function in the presence of twist-fields, by using the monodromy conditions. We will then compute the amplitude as a correlation function of the two untwisted vertex operators, using the Green function. This method can be used when the total winding number of the two untwisted states is zero, so that the global monodromy conditions are trivial.
In the (0, 0) picture, the matter part of the untwisted state vertex operator is
J is the complex structure and J ± ≡ η ± iJ .
The two twisted -two untwisted states amplitude, for untwisted states with momenta ±k L,R and ±p L,R , is Taking z ∞ → ∞, the ghost part is |z ∞ |, canceling the matter part at this limit. It is easy to see that the fermionic fields in V (0,0) do not contribute to the amplitude, and so we are left with:
Green Function
We need to calculate the Green function in the presence of two twists. In order to simplify the notation, we will work in one complex dimension. The Green function is defined as
and g(z, w) = g(z, w; ∞, 0), h(z, w) = h(z, w; ∞, 0). Using the behavior of ∂X as z, w → z i , and the fact that g has a double pole with residue one as z → w (and no single pole), while h has no such poles, and using the transformations of g, h under the coordinate transformations
By using the transformations of g, h under the coordinate transformation (z → −1/z), we see that A = B = 0. Setting z 2 = 0 and z 1 → ∞, we have
So we arrive at
The constant C is zero. This can be seen by computing G(z,z, w,w) using the state-operator correspondence G(z,z, w,w) = σ| X(z,z)X(w,w) |σ = − Expression (4.30) splits into the holomorphic Green function X L X L and the antiholomorphic Green function X R X R . We denote them by G(z, w) andḠ(z,w), respectively. The matter part of the two twisted two untwisted states scattering amplitude can then be calculated by the contractions of the bosonic matter fields using G(z, w) andḠ(z,w) [17] . Recalling that we have two complex dimensions, we get
31) and similarly for the antiholomorphic side.
Note that the on-shell conditions
Therefore the r.h.s of (4.31) diverges in the limit
to compare this with the unorbifolded OPE
which diverges for (k L + p L ) 2 < 0 in the limit z → w, and represents the appearance of an
On the orbifold a similar thing happens, but two intermediate states appear, rather than one. In the limit z
. Thus, the untwisted states in the l.h.s. of (4.31) combine to an intermediate state
, and the untwisted states in the l.h.s. of (4.31) combine to an intermediate state
A similar discussion holds on the antiholomorphic side. Therefore, the untwisted states combine to form a state of left and right momentum k L,R + p L,R , and a state of left and right momentum k L,R − p L,R . This is to be expected, since every untwisted state of momentum p L,R includes also a piece carrying momentum −p L,R , since its vertex operator is
Final Result
Going back to the calculation of the amplitude, we see that every insertion of
and its corresponding conjugates, respectively (due to its contraction with e ik L,R ·X L,R (w) ). Fixing w = 1 we get
, we have
Since k L · p L − k R · p R must be an integer for the theory to be modular invariant (as in any string theory with a toroidal compactification), we can use (4.38) to calculate the scattering amplitude (4.35). We thus get
All the above is easily generalized to the non-compact background
Discussion
In order to understand better the underlying physics, we perform the integration in
where we have substituted x = u 1−u , and later changed to polar coordinates. The result is zero because a L − a R must be an even integer. We thus see that I has no contributions from a L = a R . The first term in the result of (4.41) is a pole at a = 0 with the branch cut at a < 0, coming from the limit u → 0 (or 
The second term in the result of (4.41) is a pole at a = 0 with the branch cut at a > 0, coming from the limit u → 1 (or 
, which is the three-point function of untwisted states [3, 5] .
We, thus, arrive at an effective field theory description, where only two diagrams contribute to the amplitude. Both are of the form ttu -uuu, but in one of them the intermediate untwisted state has momentum ±(p L,R + k L,R ), and in the other it has momentum ±(p L,R − k L,R ). Recall that the momentum of an untwisted state on the orbifold is defined only up to a sign. Only physical poles (with (p L,R ± k L,R ) 2 = 0) appear, and there is no two twisted -two untwisted states contact term. The contributions of the two diagrams are (pJ k) (pJ k) /(p ± k) 2 . However,
and therefore the two diagrams cancel each other. For similar reasons, we conjecture that the scattering amplitude of two untwisted states with two twisted states vanishes always, including the cases where the total untwisted states winding number is non-zero, and where the twisted states are located in different fixed points.
Target Space Picture
We computed three and four-point functions at tree-level of closed N = 2 strings on C 2 /Z 2 and T 4 /Z 2 orbifolds. These amplitudes can be encoded in a low-energy effective action. It is of the same form as that of the unorbifolded N = 2 string, with an additional interaction term ttu. We have not ruled out a possible four twisted states contact term tttt. In addition to the usual on shell condition (e ipX + e −ipX ) with p 2 = 0.
Scattering Off D-branes
The consistent D-branes of closed N = 2 strings are of the types (0 + 0), (2 + 0), (0 + 2) and (2 + 2) branes in (2, 2) signature and 0-branes, 2-branes and 4-branes in (4, 0) signature (see [7] for details). In this section we calculate scattering amplitudes of the orbifold theory in the presence of a D-brane located at a fixed point.
Twist Fields in Open Strings
For the closed string the OPEs of the bosonic field with the twist field takes the form (omitting index i)
where τ ,τ are excited twist fields. Consider open strings on the upper half plane, Imz ≥ 0, with the boundary conditions ∂X(z) = D∂X(z) (D = ±1) at z =z. Close to the worldsheet boundary, (5.1) must be corrected by a boundary term. We may write:
f 1,2 must be multiplied by −1 as z (z) rotates around w (w). Since σ(w,w) corresponds to the unexcited twisted state we must have
such that
The boundary conditions now imply
andτ (w,w) = −iDτ (w,w). One can takeh(w,w) = (w −w) +1/2 so that the OPE reduces to that on S 2 as z → w. We then have
Two Twisted States Scattering Amplitude
For every complex dimension we may write
where the function g(z, w, z i ,z i ) is single-valued and is holomorphic in z and w. As z → w the correlation function must have a double pole with residue one, and no single pole. Thus, it should behave as ∼ 1/(z − w) 2 plus finite terms.
(5.7) must be invariant under worldsheet translations parallel to the worldsheet boundary ((z,z → z +a,z +a for real a). After performing the coordinate transformations z → −1/z, w → −1/w and z → λz, w → λw (for real λ) (5.7) must be multiplied by z 2 w 2 and λ −2 respectively.
where A and B are constants. Subtracting 1/(z − w) 2 and taking the limit z → w we get
(5.9)
In the limit z → z 1 , the coefficient of (z − z 1 ) −2 is the twist field conformal dimension 1/8, and
Repeating this procedure for the antiholomorphic part of the energy-momentum tensor and integrating, we get
We have used the fact that the holomorphic and antiholomorphic parts must have the same constants A, B so that T (z) =T (z) on the worldsheet boundary. Looking at the four twisted states correlation function on S 2 (4.11), we see that the OPE of two twist fields is of the form . In fact, this is also necessary in order to ensure that (5.11) is invariant under the exchange of the twist fields (z 1 ,z 1 ) ↔ (z 2 ,z 2 ). By substituting A = − 1 12 into (5.11) we see that the open string OPE of two twist fields near the worldsheet boundary includes no boundary terms. On the disk we may fix z 2 = i, z 1 = iy where y is a real number between 0 and 1. Thus,
14)
The integral diverges. The divergence comes from the area of integration y → 1, where the two twist fields are close to each other. Note that the leading term of the integrand at this regime is (1 − y) −1 . This should be expected, because the OPE of the two twisted states located at iy and i should be of the form (1 − y) −1+p 2 where p is the momentum of the intermediate state;
p = 0 contributes the leading term.
We propose the following low-energy effective action picture: The diagram contributing to A ttD is a combination of a ttu diagram, and a coupling term of u to the D-brane, with a propagator uu connecting them. The coupling of a single u to a D-brane is computed in [7] and found to be given by a constant. We assume that the off-shell ttu vertex is constant as well. As a check, we have shown that the on-shell amplitude A ttu is constant. Hence the diagram is proportional to d 4−p k ⊥ 1/k 2 ⊥ , where k ⊥ is the momentum of the intermediate untwisted state normal to the Dp-brane world volume. This is because both the ttu vertex and the D-brane break translational invariance along the normal directions of the D-brane. We now interpret that this divergent integral is responsible for the divergent result of A ttD .
Other Amplitudes
Scattering amplitudes of untwisted states in the presence of D-branes are identical to those found in [7] , with the appropriate Z 2 invariance taken into account. Thus, instead of each string of momentum p, one sums up the amplitudes for a string of momentum p and the amplitudes for a string of momentum −p. We find that all the amplitudes are unchanged. The only exception is the three open string untwisted states amplitude, which is zero in the orbifold theory.
A Proof of finiteness of A tttt
Here we will show that (4.9) is finite. Because of crossing symmetry, it is enough to show that the integral converges at x → 0. In this limit F (x) → 1 and τ (x) ∼ − i π ln(
). For simplicity we assume ǫ 2 = 0 and that both complex dimensions of the T 4 have the same radius R, with the sum over v for which their square is zero. However, the divergence of the amplitude in the (2, 2) signature is the usual divergence of the path integral in Minkowski space, and the amplitude should be calculated by wick rotating it to the (4, 0) signature.
